Many bacteria rely on active cell appendages, such as type IV pili, to move over substrates and interact with neighboring cells. Here, we study the motion of individual cells and bacterial colonies, mediated by the collective interactions of multiple pili. It was shown experimentally that the substrate motility of Neisseria gonorrhoeae cells can be described as a persistent random walk with a persistence length that exceeds the mean pili length. Moreover, the persistence length increases for a higher number of pili per cell. With the help of a simple, tractable stochastic model, we test whether a tug-of-war without directional memory can explain the persistent motion of single Neisseria gonorrhoeae cells. While persistent motion of single cells indeed emerges naturally in the model, a tug-of-war alone is not capable of explaining the motility of microcolonies, which becomes weaker with increasing colony size. We suggest sliding friction between the microcolonies and the substrate as the missing ingredient. While such friction almost does not affect the general mechanism of single cell motility, it has a strong effect on colony motility. We validate the theoretical predictions by using a three-dimensional computational model that includes explicit details of the pili dynamics, force generation and geometry of cells.
INTRODUCTION
When one thinks of moving bacteria, one typically imagines cells that swim with the help of flagella [1, 2] . However, most bacteria exist in close association with substrates and developed a variety of tools to mediate motion over a wide range of surfaces such as hulls of ships [3] , medical catheters [4] and within the human body [5, 6] . Many bacteria, both gram-negative (such as Neisseria meningitidis [7] , Pseudomonas aeruginosa [8] [9] [10] and Myxococcus xanthus [11] ) and grampositive (such as Clostridium difficile [12, 13] ), use socalled type IV pili for the motion over substrates and attachment to other cells. Pili are several microns long filaments that emerge from the surface of cells. Due to cycles of protrusion, attachment, and retraction, pili can mediate motion of the cell by a mechanism reminiscent of a grappling hook [14] (see Fig. 1a ). During this process, individual retracting pili can generate forces of up to 100 − 180 pN [15] [16] [17] . The retraction is caused by the molecular motor pilT via disassembly of the pilus filament [18, 19] . Additionally, pili mediate the formation of bacterial microcolonies, precursors of biofilms, by pili- * vasily.zaburdaev@fau.de pili-interactions. Bacteria without pili are no longer able to agglomerate [20] [21] [22] [23] .
While in this study we focus on the bacterium N. gonorrhoeae (see Fig. 1b ), the suggested models and results can be broadly applied to other bacteria that use type IV pili for the motion on a substrate. For the motility of N. gonorrhoeae a wide range of experimental observations have been described [17, 20, [24] [25] [26] , making it a suitable model organism for our study. One of the interesting observations is that the motion of individual bacteria can be described as a persistent random walk with a characteristic length scale that exceeds the mean pili length [24] . Previously, it has been suggested that the persistence of the motion originates from a directional memory of the pili [17] . The directional memory is generated by re-elongation of fully retracted pili in the same direction and the bundling of neighboring pili. In the same study, it has been suggested that the directional memory is also responsible for the experimentally observed increasing persistence length of the motility for cells with an increasing number of pili [17, 24] .
Next to single cell motility, pili are also involved in the formation of bacterial microcolonies, mediated by pilipili-interactions [20, 21] . The microcolonies possess a spherical shape (see Fig. 1c ) and can move on substrates, similarly to single cells. By analyzing trajectories of microcolonies moving over a substrate it has been shown that the microcolonies exhibit a decreasing motility with increasing colony size [20] .
By imagining microcolonies as single cells with increasing size and number of pili, we are confronted with a discrepancy: while a higher number of pili enhances the motility of single cells, the motility of microcolonies is reduced. One possible reason for this behavior could be the increasing hydrodynamic friction of microcolonies. Both, single cells and large colonies, moving on a substrate within a fluid are subject to a hydrodynamic drag force. Neglecting the impact of the substrate on hydrodynamic flows, the Einstein-Stokes equation provides an approximative estimate for the drag force, F = 6πηRv, with the viscosity η of the surrounding fluid. Cells and colonies move with a characteristic velocity of around 2 µm/s over a substrate, corresponding to a drag force of less than 0.2 pN. This force is considerably smaller than the force generated by an individual pilus, which can reach up to 100 − 180 pN [19] , and smaller than the lowest measured unbinding forces with the substrates of 1.2 pN [17] . If the hydrodynamic friction only weakly affects the motility of cells and microcolonies, then what can explain the decreasing motility of colonies with increasing colony size? Here, we suggest that sliding friction between the substrate and the colony can be the key to explaining the decrease in motility of microcolonies with increasing size, as seen in the experiment [20] .
As even the motion of a single cell exhibits quite complex behavior, we developed a quasi one-dimensional model to understand the physical mechanism underlying pili-mediated cell motility. We show that a tug-of-war mechanism can be sufficient to explain the emergence of persistent motion of individual cells without invoking additional assumptions, such as directional memory. The tug-of-war mechanism also recovers the increasing persistence with increasing total number of pili of an individual cell. We also apply the stochastic model to explain the reduced motility of microcolonies and discuss the role of sliding friction. To benchmark the results of the stochastic model, we use a previously developed computational model (see Ref. [23, 27] and summarized in Appendix A). It reproduces the motion of a cell by accounting for the dynamics of its pili and corresponding forces. In Appendix A, we introduce an extension of the computational model, allowing us to consider the sliding friction between the substrate and cells and colonies.
Before we introduce the methods that we use to describe substrate motility of cells and aggregates, we first summarize the main features of pili-mediated motion of N. gonorrhoeae known from experiments and introduce two parameter sets, corresponding to different pictures of the pili binding and unbinding dynamics.
A. Properties of N. gonorrhoeae bateria and its pilus apparatus
Bacteria of N. gonorrhoeae have the shape of a diplococcus, two spheres (each with a radius of around 0.5 µm [25] ) attached to each other forming a dumbbell [28] (see Fig. 1b) . A single cells possess around [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] pili [17, 24, 25] that are homogeneously distributed on its surface [26] . With the help of electron microscopy, it was shown that pili have a diameter of approximately 6 nm [11, 29] and an exponential length distribution with a mean length of l char = 0.9 − 1.2 µm [24, 25] . Pili can be described as semiflexible polymers with a persistence length of 5 µm [30, 31] . Pili are assembled from pilin subunits within the membrane of the bacteria and protrude with the velocity v pro ≈ 2 µm/s. They stochastically switch to the retraction state, in which a pilus retracts with a velocity v ret ≈ 1 − 2 µm/s, due to the disassembly of the filament. The molecular motor pilT is responsible for the retraction of the pilus [19, 32] . The retraction continues until the pilus is completely retracted.
Pili bind stochastically to substrates. The exact mechanism of how type IV pili bind to substrates is not completely understood. It has been suggested that pili possess key residues of the pilin subunits that are involved in adhesion and are only exposed at the tip [33] [34] [35] . Other studies suggest that there might be further proteins associated with pili binding that are not only located at the tip of the pili but can also be rarely found along the filament [36, 37] . Additionally, in a recent study, it has been suggested that pili in the protrusion state will immediately switch to the retraction state after attachment [38] .
If an attached pilus is retracting, it generates a pulling force. The sum of all pili-mediated forces are causing the translational and rotational motion of the cells. Furthermore, a pulling force F acting on a pilus affects its retraction velocity, a process that is known as stalling (2) det , detachment times, τ (1) det and τ (2) det and attachment rates Katt for the fast and slow parameter sets. The values of the fast parameter set were taken from [17] . with the characteristic stalling force F s . Stalling can be described by the following force-velocity relation:
where the minus sign describes the shortening of the pilus during retraction. The stalling force is approximately F s ≈ 100 − 180 pN and represents the maximal force a retracting pilus can generate [32, 39] . The rate K det with which a pilus detaches from the substrate is also forcedependent [17] and can be approximated by
While the general exponential form of this equation is motivated by Kramer [40] and Bell et al. [41] , the sum of two exponential functions in the denominator is based on experimental measurements [17] .
B. Two pictures of the binding and unbinding dynamics of pili
From previous studies [10, 17, 25] , we are confronted with two different regimes of how pili bind to and unbind from the substrate. These two regimes are incorporated in this study by two parameter sets for the detachment forces, F (1) det and F (2) det , and detachment times, τ (1) det and τ (2) det , referred to fast and slow (see Table I ). The parameters of the fast set were taken from the literature for the attachment of N. gonorrhoeae pili to BSA coated silica beads [17] . For this parameter set, pili only bind weakly to the substrate, but frequently. For the slow parameter set, pili bind less frequently, but more stably. This picture has been suggested in a previous study [25] .
In the following, we investigate whether the collective interactions of pili of a single cell or a colony, particularly the force-dependent detachment, is sufficient to be the driving mechanism of the persistent motion of cells.
II. STOCHASTIC MODEL FOR PILI-MEDIATED CELL AND COLONY MOTION
In this section, we introduce a stochastic model for cell motility, which relies on a tug-of-war mechanism. Such mechanisms are frequently found to explain cargo transport along filaments by molecular motors [42] [43] [44] , where molecular motors pull on a cargo in opposite directions. Due to the stochastic attachment of the motors to the filament and slip bond behavior of attached motors, complex collective behavior, such as persistent motion, can emerge.
Here, we map the three-dimensional process of cell and colony motility on a two-dimensional substrate to a onedimensional stochastic tug-of-war model. To perform the mapping, we explicitly consider the geometry of the pili, operating both for a single cell and a colony, and analytically estimate the parameters required for the stochastic model. Afterwards, we define the master equation for the stochastic model and use it to describe the motility of individual cells and colonies.
A. Mapping of binding and geometric features of pili to the one-dimensional motion
For simplicity, we initially focus on individual cells and later extend our description for microcolonies. This can be done because we assume an identical geometry for cells and colonies: both are described as spheres possessing multiple pili. For the mapping of the binding and geometric features of the pili, the diplococcus shape of single cells can be neglected.
In the stochastic model, a cell is assumed to have a spherical shape with radius R sitting directly on a substrate (see Fig. 2a ). The simple spherical geometry enables us to estimate the parameters of the onedimensional stochastic model from the binding dynamics of pili, originally a three-dimensional system. A cell possesses N pili that protrude from a surface point characterized by a polar angle θ (see Fig. 2a ). In Appendix B, we develop a theoretical model of pili to analyze the properties of the pilus attachment points. In this model, the pili protrude from the surface of a spherical cell with the velocity v pro until they reach a length corresponding to an exponential length distribution with the mean length l char [24, 25] and then start to retract with the velocity v ret . Both velocities have approximately the same value, thus we set v pro = v ret [19] . Upon contact, the pilus slides along the surface. The tip of the pili can attach to the substrate with a rate K att . Attached pili protrude, on average, from the cell surface at an angle α (see Fig. 2b ). The pili attach with an effective rate K eff to the substrate at a point that is defined by the mean l , projected on the substrate (see Fig. 2b ). The effective attachment rate K eff , the mean angle α and the mean length l of the pili are resulting from the interplay of the geometry of a spherical cell sitting on top
Schematics of the stochastic model and geometry of the cells and colonies within this model. For the stochastic model, we assume that the shape of cells and colonies can both be approximated as spheres. For simplicity, we will talk about cells in the following. (a) Sketch of a cell on top of a substrate. It possesses multiple pili (grey lines). For the black colored pilus, the position is shown for three different time points. At t1, the pilus has the length lmin and reaches the substrate. The pilus continues to slide along the substrate by modeling it as an infinitely stiff polymer with negligible pivotal stiffness. It stochastically binds to the substrate at time t3. At this time it has the length l. (b) Sketch of the quantities needed to determine the pili length l , projected on the surface, and the angle at which an attached pilus protrudes from the cell, α. (c) Sketch of a cell in the stochastic model. In this example, the cell possesses three pili in total. The number of pili bound to the left and right side are given by N l and Nr. The pili can constantly change their states due to attachment, detachment and the motion of the cell. (d) Allowed states and transitions in the model for a cell with a total number of three pili. The arrows show the transition between the different states (N l , Nr). In the model, a cell is moving if a nonzero number of pili is attached only to one side. (e) Sketch of the transition of pili states due to motion over a pilus attachment point. Initially, all pili are on the right side and pull on the cell. Due to the motion of the cell and the different distances of the pilus attachment points, at some time point, the cell moves completely over one of the pili. This pilus then switches to the opposite side.
of a substrate and the growth dynamics of pili. We find that the probability of attachment for a single pilus is given by
with the attachment length l att = v ret /K att , denoting the mean distance a pilus protruding with velocity v ret and attaching to a substrate with the rate K att . The larger a cell or the shorter the pili, the less likely it is for them to attach to a substrate. From this probability and the time it takes for a pilus to reach the substrate, we estimate the effective attachment rate K eff of a single pilus and find (see Appendix B)
Similarly to the probability of attachment Γ(R), the effective attachment rate K eff (R) of a single pilus of a cell is decreasing with increasing cell size or decreasing mean pili length. A related calculation also provides us with the mean angle α and the mean projected length l . The resulting parameter values for the motion of a single cell are shown in Table II for the two parameter sets from Table I . Further parameters required for the calculation of the values given in Table II , specifically the cell radius R, the protrusion and retraction velocity v pro and v ret , and the mean pili length l char are given in Table III.
Since an attached pilus emerges at an angle α from the surface of the cell, the force of a pilus has a normal component, pulling the cell towards the substrate, and a tangential component, mediating the motion of the cell. The normal force mediates sliding friction with the substrate, with the coefficient β [45] . The sliding friction counteracts the tangential forces pulling on the cell and alters the force balance. To highlight this point, we consider a cell that possesses only one pilus which is attached and mediates a force F . The absolute value of the normal force component relative to the substrate is given by F ⊥ = −F cos α and the absolute value of the tangential component is given by F = F sin α . Then, the total force that acts on the cell due to this particular pilus in the tangential direction relative to the substrate is given by max 0, F − βF ⊥ . In the model, we neglect torques and resulting rotations of the cell.
We can now construct the master equation that describes the motility of cells on a substrate in one dimension.
B. Master equation for the stochastic model
In the stochastic model, a cell is modeled as a spherical particle moving through a viscous fluid with the translational mobility µ t . It has multiple pili on its left and right side that stochastically bind to and unbind from the substrate (see figure 2c ). Attached pili generate pulling forces that act on the cell. We neglect the dynamics needed to reach the stationary state of the pilus pulling force, since the pilus spring constant k pili is very high, allowing us to ignore its relaxation dynamics [16] .
The cell has a probability P (N l , N r ) to have N l pili attached to the left side and N r pili attached to the right side. Due to the binding and unbinding dynamics, the cell switches between different states, thus affecting the probability of each state. To characterize the dynamics of the probability P (N l , N r ), we use a master equation approach. The master equation incorporates the following processes that can mediate transitions between states (see Fig. 2d ): attachment of free pili to the substrate, load-dependent detachment of attached pili and transitions due to the motility of cells over the pili attachment points.
The dynamics of the probability P (N l , N r ) of the state (N l , N r ), is described by the master equation 180 [17, 32] where the transition matrix T is constructed from the rates corresponding to the transitions between the states (N l , N r ). We will now define these rates and describe the emerging motion of cells.
Attachment
A single pilus attaches to the substrate with an effective rate K eff . The transitions corresponding to the attachment of pili to the left side are given by (N l , N r ) → (N l + 1, N r ) and (N l , N r ) → (N l , N r + 1) for binding to the right side. For an individual cell, the number of non-attached pili N free is given by
and we assume that whether a pilus will attach to the left or right side is not dependent on the current state (N l , N r ). The transition rates for a single cell are then given by
where k
att,l and k
att,r are the rates for any pilus to attach to the left and right side of the cell respectively.
Detachment
The detachment of a pilus is load-dependent (see Eq. (2)). Thus, we first need to calculate the forces acting on the pili on both sides (see Appendix C). The characteristic force of a pilus is its stalling force F s (see Eq. (1)). A pilus retracts until it reaches this force and can only exceed this force if further pili are involved and pull against it. If all attached pili in the system have a pulling force exceeding or equal the stalling force and all forces (specifically the tangential pili forces, the sliding friction forces with the substrate and viscous friction forces with the fluid) balance, a stationary state is reached.
We can then compute the stationary state of the pulling forces F for a cell and find that for the case N l = N r , the pulling forces on the left and right side fulfill
and
If pili are attached on both sides, but the case 0 < N l < N r is fulfilled, the forces are given by
Due to symmetry, an equivalent equation can be given for states 0 < N r < N l . If pili are only attached to the left side of the cell, the stationary force is given by
with the pilus retraction velocity v ret , the stalling relation (see Eq. (1)) and the mobility µ t of the cell moving through a viscous fluid. Here, the pilus pulling force is balanced by the sliding friction force and the hydrodynamics friction with the translational mobility µ t . The case where pili are only attached to the right side is equivalent.
The transition rates for the transitions
are finally given by (13) and
where the detachment rate K det is taken from Eq. (2).
3. Transitions of states (N l , Nr) due to cell motion Cells can move on the substrate. The mean displacement that an individual pilus can mediate, here called l , is limited by the pilus length. As depicted in Fig. 2e , a cell can, at some point, move over a pilussubstrate attachment point. If, for example, all pili are initially attached to the right side and the cell is moving over a pilus, then this corresponds to the transition (0, N r ) → (1, N r − 1). If we assume that the distance from the pilus-substrate attachment points to their anchor points (the connections to the cell surface) is exponentially distributed with the mean length l , then the corresponding transition rate k mot,r is given by
Here, v c is the velocity of the cell. Its dependence on the state (N l , N r ) is discussed in the following paragraph.
The transition due to motion over pili on the left side, (N l , 0) → (N l − 1, 1) with the transition rate k mot,l , is treated analogously.
Motion of cells
Finally, it is necessary to connect the states (N l , N r ) to the motion of the cells. Cells are only moving if pili are attached to one side, corresponding to states (N l > 0, 0) or (0, N r > 0) (see Fig. 2d ). The cell velocity for these states is calculated in Appendix C.
We found that if for example N l pili are attached on the left side, the cell moves in the left (and negative) direction with the velocity
where F l is given by Eq. (12) . The term sin α results from the fact that only the force component tangential to the substrate can mediate the motion. If the sliding friction coefficient β or the angle α are high enough, the cell is no longer able to move. The velocity has an equivalent form if pili are only attached to the left side but in this case the cell moves in the right direction and its velocity is positive.
Modifications of the stochastic model for colonies
To a large extent, colonies are treated similarly to individual cells within this model. The colonies are approximated as spheres with radius R. While cells possess a fixed number N of pili, the pili number is a function of the radius R for colonies and proportional to its surface area. This is realized by the surface density ρ which gives the pili number from the proportionality to the surface area of the colony, N = 4πρR 2 . We choose the density ρ = 0.8 µm −2 that corresponds to 10 pili for a cell of radius 1 µm and is in the order of magnitude of experimental values of single cells [24, 25] .
A major difference between colonies and cells can be found for the attachment dynamics. While we assume that pili are randomly distributed on the surface of a single cell, and, for example, can be all located on one side, this is not necessarily the case for a colony that is composed of several individual cells. All cells of the colony possess pili, independent of their position. For large colonies that possess a high number of pili, we can approximate the number of pili on each side (left and right) by N/2 and the attachment rates on both sides can differ because for the state (N l , N r ) the colony has N/2 − N l free pili on the left side and N/2 − N r on the right side. The corresponding attachment rates k (col) att,l and k
att,r for colonies are then given by
The detachment dynamics and the motility of colonies is otherwise described in the same manner as for the case of an individual cell. Importantly, the probability Table I and Table III. of attachment Γ(R), the mean attachment rate K eff , the projected length of an attached pilus l and the attachment angle α are dependent on the radius R of the spherical colonies, as shown in Fig. 3 .
Our stochastic model shares similarities to work previously published by Müller et al. [42] with respect to the attachment and detachment dynamics. They studied the bidirectional transport of cargo due to two populations of molecular motors, kinesin and dynein, pulling in different directions and having load-dependent transport properties. Here, we additionally include the motility of the cell and colonies, its influence on the pili dynamics, the effects emerging from the sliding friction with the substrate and effects from the finite length of the pulling entities, the pili. We can numerically solve the master equation (see Eq. (5)) by employing the Gillespie algorithm [46, 47] and thus model the emerging trajectory of a cell or a colony.
III. RESULTS
First, we want to demonstrate that a tug-of-war mechanism is sufficient to explain persistent motion of single cells with a characteristic length that exceeds the apparent pili length, as was previously shown experimentally [17, 24] . Next, we study how the motion of individual cells is affected by the number of individual pili and find that, in agreement with experiments [17, 24] , the motility of cells in increased for higher number of pili.
Finally, we consider the motion of larger aggregates and emphasize the importance of sliding friction.
A. Persistent motion of single cells
For the analysis of single cell motion in the stochastic model, we simulated 2 × 10 7 Gillespie steps of a single trajectory for the slow and fast parameter sets (see Table I ), corresponding to experiments of a duration of at least 10 5 s. Parts of the trajectories are shown in Fig. 4a . The cell possessed N = 15 pili and for simplicity, we neglect sliding friction by setting β = 0, because for the fast and slow parameter set, tangential forces clearly dominate over normal forces for small cell radii R. Further parameters of the stochastic model are given in Table II . As motility of cells results from pili that are only attached at one side, we estimate which states (N l , N r ) of attached pili had a higher probability (see Fig. 4b and Fig. 4c ). While mostly pili are only attached to one side of the cell for the fast parameter set, for the slow parameter set pili are often attached on both sides. Thus, we expect the fast cells to be more motile. From the probabilities of the different states (N l , N r ), we can also estimate the probability distribution of attached pili (see Fig. 4d ). The distributions for both parameter sets shows a mean number of attached pili around 3-4, while on average more pili are attached for the slow parameter set. In both cases, the number is considerably lower than the total number of pili N .
Next to the statistics of the number of attached pili, we can also characterize the statistical properties of the trajectories of the cells. To this end, we calculated the time-averaged mean squared displacement (see Fig. 4e )
which fulfills MSD(∆t) ≈ 2D∆t for the longtime asymptotic and found the diffusion coefficients D = (1.51 ± 0.03) µm 2 /s for the fast and D = (0.36 ± 0.01) µm 2 /s for the slow parameters. These results confirm that indeed cells for the fast parameter set are more motile. We can also compute the velocity autocorrelation function, which can be fitted by an exponential function
(see Fig. 4f ) with the characteristic time τ c and velocity v c , where the velocities are defined by v(t) = [x(t) − x(t − ∆t)]/∆t with ∆t = 0.5 s. The same or higher ∆t were used in previous studies to characterize the velocity of N. gonorrhoeae [24, 25] .
We found τ c = (0.75 ± 0.02) s and v c = (1.48 ± 0.01) µm/s for the fast and τ c = (0.59 ± 0.01) s and v c = (0.74 ± 0.02) µm/s for the slow parameter set.
The resulting persistence lengths l c = v c τ c are l c = 1.10 µm and l c = 0.44 µm respectively. We can then compare the characteric lengths to the apparent pili lengths that would be closest to the values measured experimentally and correspond to the projected pili length given in Table II . We find that the motion exhibits persistence over lengths higher than the mean projected pili length for the fast parameter set (see Table II ).
The stochastic model helps to see how the tug-of-war mechanism can mediate persistent motion. If, for example, more pili are located on the left side of a cell, then, due to the force balance, the pulling forces acting on the right pili are considerably higher. Then, the detachment rate of the pili located at the right side is also higher and they will detach with a higher probability than those on the left. Thus, states where pili are only attached to one side are preferred.
While the tug-of-war mechanism is strong enough for the fast parameter set to generate a characteristic length of the motility that exceeds the projected pili length of l = 0.59 µm, the length l c does not exceed the characteristic pili length l char = 1.5 µm chosen as input in the system (see Table III ). This discrepancy might result from the reduced dimensionality of the system which decreases persistence since the maximal cell velocity v in two dimensions can exceed the pilus retraction velocity v ret , e.g. if two pili pull in perpendicular directions. On the other side, in two dimensions the persistence might be reduced due to rotational diffusion of the cell. To see how these factors can affect the predictions of the stochastic model, we simulated the motility of individual cells with an advanced three-dimensional computational model (see [23] and Appendix A for a description). We sampled the trajectories of 50 cells, each having a duration of 1000 s. Examples for the trajectories of the two parameter sets fast and slow (see Table I ), projected on the substrate, are shown in Fig. 5a . We first check if the three-dimensional model is capable to reproduce previously reported properties of single cell motion [17, 24, 25] . For N. gonorrhoeae cells it was shown before that cells preferentially move in the direction perpendicular to the long axis of the dumbbellshaped cell [25] . When we determine the distribution of the angle between the long axis of the cell, the axis between the two cocci of the dumbbell-shaped cell, and the direction of motion projected on the substrate, we observe a similar behavior for both parameter sets (see Fig. 5b ). Experimentally, it was reported that the cell velocity distribution exhibits a bimodal shape [25] . Indeed, for the fast parameters we see qualitative agreement to this observation (see Fig. 5c ): the velocities do not only possess a peak at around 2 µm/s, corresponding to the retraction velocity v ret of the pili, but also a peak at zero velocity, corresponding to no moving cells. Such a behavior is less pronounced for the slow parameter set. Two different processes could lead to a vanishing velocity of a cell: either no pilus is attached to the substrate or the cell is trapped between several pili pulling against each other. From the distribution of attached pili (see Fig. 5d ) we found that in ∼ 20 % of the time no pili are attached to the substrate for the fast parameter set. This finding agrees with TIRF data of N. gonorrhoeae showing that for cells moving on a poly-D-lysine-coated surface in 15 − 20 % of the time no pili were observed in the vicinity of the substrate [26] . For the slow parameter set, pili are always attached to the substrate. In contrast to the stochastic model, we see that for the slow parameter set, considerably more pili are attached to the substrate than for the fast parameter set. Such behav-ior can result from the coarse-graining of the stochastic model. There, all pili belonging to one side of a cell are experiencing the same force, while in the computational model the forces are not necessarily equal. For example, in the computational model it is possible that only one pilus exerts the pulling force, even though other pili are attached on the same side. These pili will unbind with a lower probability than in the stochastic model and the number of attached pili can differ. We also find that on average only 0 to 5 pili for the fast parameter set and 1 to 8 pili for the slow parameter set are attached to the substrate, even though the cell possesses 15 pili. A similar behavior is observed in the stochastic model (see Fig. 4d ). In experiments typically 10 − 20 are found for cells of N. gonorrhoeae [17, 24, 25] . With methods such as TIRF (due to the fact that imaging only takes place in vicinity of the substrate) and electron microscopy (due to the sample preparation) most likely one only images attached pili, thus we find that potentially the total number of attached and free pili of a cell is underestimated. In the stochastic model, the total number of attached pili on one side of the cell affects the velocity of cells, as described by Eq. (16) . For the computational model, we observe the same qualitative behavior by estimating the average velocity of cells as a function of the number of attached pili for the fast parameter set (see Fig. 5e ). The opposite behavior is observed for the slow parameter set. This is in agreement with the stochastic model: pili are mostly attached on one side of the cell for the fast parameter set and thus, the velocity increases with a higher number of pili. For the slow parameter set, pili are mostly attached equally on both sides, thus Eq. (16) does not apply.
We can also calculate the statistical properties of the trajectories from the computational model. From the two-dimensional mean squared displacement (see Fig. 5f )
with its long-time asymptotic MSD(∆t) ≈ 4D∆t. We then estimated the diffusion coefficient D and found D = (1.91 ± 0.03) µm 2 /s for the fast parameter set and D = (0.19 ± 0.02) µm 2 /s for the slow parameter set. For small lag times ∆t we found that the mean-squared displacement exhibits super-diffusive behavior. We can interpret this behavior as a persistent random walk, as previously done for the motion of N. gonorrhoeae bacteria [17, 24, 48] . One way to further characterize the persistent random walk is to compute the velocity autocorrelation in two dimensions which follows an exponential law for a persistent random walk, given by
with the characteristic time τ c and the characteristic velocity v c . Here, the velocity results from v(t) = |r(t) − r(t − ∆t)|/∆t with ∆t = 0.5 s. For the fast parameter set we found τ c = (0.
= (0.77 ± 0.03) µm/s for the slow parameter set (see Fig. 5g ). The characteristic length scales of the motion result from l c = v c τ c and are given by l c = 1.77 µm for the fast and l c = 0.35 µm for the slow parameters. As the mean pili length was chosen to be 1.5 µm and is smaller than the persistence length of the motility for the fast parameters, this result is in agreement with the stochastic model. We also tested whether the persistence results from the diplococcus shape of the bacteria by computing the velocity autocorrelation for spherical cells. We found that the persistence becomes even larger with a characteristic length l c = 2.4 µm for the fast parameter set. This results most likely from the fact that a diplococcus can rotate such that its long axis is perpendicular to the substrate, and thus can be approximated by a sphere with a higher radius, but the same pili number. In this case, the effective attachment rate is lower, thus decreasing the motility of the cell (see Fig. 3b ).
In the simulation, we set the characteristic length l char of free pili. Due to attachment and the triggered retraction, the experimentally measured pili lengths [17, 25] might differ from l char . To investigate the pili length distribution, we tested different definitions of the pili length. Firstly, we just took the contour length of all pili l (all) xyz , both attached and free. Alternatively, we tried to imitate the experiment, where the pilus length is measured by transmission electron microscopy [24, 25] . We expect that the preparation of the samples affects the pili, especially those that were not attached to the substrate. They may break, bend or just detach from the cell. Thus, we were only taking those pili that were attached to the substrate. Additionally, in the experiment one is only measuring the pilus length projected on the substrate. Thus, we define the second length l (att) xy as the distance of the start and end point of attached pili projected on the substrate. The distribution of these lengths is shown in Fig. 5h and Fig. 5i . For the fast parameters we observe mean lengths l Taken together, we observe that the properties of cell motion in the computational model agree qualitatively and quantitatively with the key experimental results such as the diffusion coefficient, the characteristic time and velocity of the velocity autocorrelation function and the measured pili length. The stochastic model shows that a tug-of-war is the mechanism underlying the persistence of cell motion without invoking directional memory [17] . Experimental studies with mutants of N. gonorrhoeae have shown that the more pili a cell possesses, the more motile it gets [24] : with higher pili numbers, the persistence time τ c is increasing. We can now test if this observation can also be reproduced within the stochastic model by varying the total number of pili N . For simplicity, we first neglect sliding friction by setting the sliding friction coefficient β = 0 since we still consider single cells only and the tangential forces of the pili dominate over their normal force components.
As shown in Fig. 6 , we observe qualitative agreement to the experiment for the fast parameter set. The characteristic time, the characteristic velocity, the diffusion coefficient and the mean number of attached pili are all increasing with increasing pili number. While the diffusion coefficient D and the characteristic time τ c are increasing exponentially with increasing pili number, the velocity v c saturates due to the fact that retracting pili cannot exceed the characteristic pili velocity v ret . Since the characteristic velocity v c and the characteristic time τ c are both increasing with increasing pili number, the characteristic length l c of the motion will also increase. In the previous section we showed that the average number of attached pili N att is lower than the total number of pili N (see Fig. 4 and Fig. 5) . In experiments, typically only attached pili are imaged, thus the real number of pili a cell possesses can be higher. This can explain why we find a characteristic length of the motion l c that is smaller than the characteristic pili length l char for a cell possessing only N = 15 pili.
For the slow parameters, we observe that for higher numbers of pili, these quantities are also increasing. When we compare both parameter sets, we see that as N increases on average more pili are attached for the fast parameter set than for the slow parameter set. Additionally, the persistence time, the velocity and the diffusion coefficient are considerably smaller for the slow param- eters. When we calculate the characteristic length scale l c = τ c v c from the results of the stochastic model, we find that it increases rapidly over multiple orders of magnitude with increasing number of pili for the fast parameters. The characteristic time τ c and the diffusion coefficient D show the same behavior and exceed the results from experiments [17, 24] considerably for high numbers of pili N > 25. We suggest that the exponential increase of the characteristic time τ c is originating from the trapping of a cell in a state where pili are only located on one side of the cell. To test this hypothesis, we treat the pili dynamics as a random walk with the number of attached pili N as the location of the random walk and calculate the mean first passage time to the point N = 0 corresponding to losing all attached pili. In Appendix D we show that this time indeed is increasing exponentially with pili number. One process that counter-acts the exponential increase of the characteristic time is the rotational diffusion of the cell, which would confine the diffusion of every persistent cells. To test this hypothesis, we used our computational model and sampled the trajectories of 25 cells for different numbers of pili N . As shown in Fig. 7 , for the fast parameter set the persistence time τ c , the mean number of attached pili, the characteristic velocity v c and the diffusion coefficient D are increasing with increasing numbers of pili N . This result is in qualitative agreement with the experiment and the results of the stochastic model. Importantly, the values of τ c and D indeed do not reach as high values as those observed in the stochastic model. This behavior originates from the rotational diffusion of the cell. In Appendix E, we show how the scaling of the diffusion coefficient can be altered from an exponential scaling D ∝ exp(N/N 0 ) (with the characteristic pili number N 0 ) for a motion without rotational diffusion to D ∝ N by considering rotations of the direction of motion (see Fig. 7d ).
For the slow parameter set, only the characteristic time τ c and the mean number of attached pili are increasing with increasing pili number. The characteristic velocity v c is decreasing with increasing pili number. The diffusion coefficient D is also reduced for higher pili numbers. A possible reason for this behavior can be the rotational diffusion of the cell.
In the previous section, we already discussed that our stochastic model underestimates the number of attached pili due to the assumption that the forces of all pili on one side have the same value. As the computational model is free from this assumption, a higher fraction of the pili might experience a smaller force and thus, will have a lower detachment rate and finally increase the average number of attached pili. This effect should be stronger for the slow parameter set, since the pili with a higher force can withstand pulling force for a longer time, allowing further pili to attach. Thus, also the pili number dependence of single cell motility can be recapitulated by the simple stochastic model.
Finally, we checked whether the single cell motion is affected by sliding friction. We can expect that the sliding friction would only play a minor role due to the weaker normal component of the pili forces (see Fig. 3d ). Indeed, for the motility of single cell as a function of the number of pili (see Figure S2 for the stochastic model and Table I . For the simulations of our stochastic model, we used the colony size dependence of the attachment rate and the mean displacement a pilus mediates as given in Fig. 3c-f . Figure S3 for the computational model) we observe qualitative agreement to the behavior we previously showed for a sliding friction β = 0, shown in Fig. 6 and Fig. 7 . The motility of cells is indeed increasing with increasing pili number, even if there is friction between the individual cell and the substrate.
After studying how single cells use type IV pili to move on a substrate and how their motion depends on the number of pili the cell possesses, in the next section we will apply the stochastic model to study how microcolonies, aggregates consisting of multiple cells, move on a substrate.
C. Colony size-dependent motility
In the following, for simplicity of the presentation we will only focus on the fast parameter set. First, we simulated trajectories of colonies of radii between 1 to 10 µm resulting from the stochastic model by considering the colony size-dependent behavior of the parameters, as shown in Fig. 3b-d . If we ignore the sliding friction by setting β = 0, we find that the diffusion coefficient (see Fig. 8a ) and the persistence of the motion are increasing with increasing colony sizes (see Fig. 8b ), contrary to experimental observations [20] , but in agreement with our results for the motility of a single cell for higher numbers of pili (see Fig. 8 ). Indeed, if a tug-of-war mechanism drives the motility, the motility should be enhanced due to the increasing total number of pili of the colony (in agreement with the geometric model, see Appendix B).
To check this prediction, we used the three-dimensional computational model to simulate trajectories of microcolonies of different radii R. Each colony possesses 4πρR Table I. a total duration of 1000 s. Importantly, also here we neglect the friction with the substrate. We calculated the diffusion coefficient D (see Fig. 8a ), the characteristic time of motion τ c (see Fig. 8b ) and the mean number of attached pili (see Fig. 8c ), which, in agreement with the predictions of the stochastic model, increase for larger colonies. Thus, we see that a tug-of-war-mechanism together with the geometrical considerations for the colony parameters is not able to explain the experimentally observed decreasing motility of larger colonies.
We wondered which additional mechanism could explain the weaker motility of large colonies? So far, we only considered the hydrodynamic friction of microcolonies but ignored friction between the cells and the substrate completely. Now we suggest that in addition, one should consider such sliding friction [45] . We expect that as colony size grows, the pili-mediated normal force pulling the colony into the substrate increases and expect that the substrate friction would play an increasing role. In Fig. 3d we show that the average angle between the pili and the substrate is increasing with increasing colony size. Thus, for larger colonies, the normal component of the pili forces will grow, while the tangential component that effectively causes the motion of the aggregates, will decrease. The higher the normal component of the force, the higher the sliding friction force that opposes the motion and the harder it is for the colony to move. To test this hypothesis, we studied the motion of microcolonies of different sizes for the sliding friction coefficient β = 0.8. First, we considered the role of sliding friction in the stochastic model. The sliding friction affects the forces with which pili are pulling on the colony in the stationary state. Colonies can only move if the condition 1 + β cot α > 0 is fulfilled (see Eq. 16). Thus, we can calculate that for the sliding friction coefficient β = 0.8 and the fast parameter set, colonies can only move if they have a size R < 14.2 µm (see Figure S1 ). As shown in Fig. 9a the diffusion coefficient is indeed decreasing for increasing colony sizes R.
From the velocity autocorrelation, we again calculated the characteristic time of the motion τ c which is decreasing for increasing colony sizes (see Fig. 9b ), indicating that the colony motion becomes less persistent. At the same time, the mean number of attached pili is increasing (see Fig. 9c ). The average number for sliding friction is surprisingly small for colonies possessing up to thousands of pili. This discrepancy can be explained by considering that for the fast parameter set pili bind frequently, but only weakly. While at the same time only a small number of pili are attached to the substrate, a larger amount is near the substrate, competing in the tug-of-war. Consistently, if we include sliding friction in the computational model, we find that the diffusion coefficient is decreasing for increasing colony size (see Fig. 9a ). Importantly, we see that by fitting a power law of the form R −η to D(R) we find η > 1, in agreement with experimental observations [20] . The characteristic time τ c and the mean number of attached pili N att also show a behavior that agrees with the stochastic model.
To summarize, our stochastic and computational model show that for a tug-of-war mechanism alone, colonies exhibit an enhanced motility for increasing colony sizes. By introducing sliding friction, we can reproduce the experimentally observed decreasing motility with increasing colony size, highlighting the importance of friction effects.
IV. DISCUSSION
In this manuscript, we investigated how type IV pili mediate the motion of individual bacteria and cell aggregates on a substrate. We treat the cells as active random walkers and developed a one-dimensional stochastic model, incorporating the binding and unbinding dynamics of multiple pili, the effective role of the threedimensional geometry and computing how the resulting force balance affects the motility of the cells. We were able to show how a tug-of-war mechanism (see Fig. 10a ) can explain the emergence of persistent motion of individual cells, without including any directional memory effects. A possible origin of the discrepancy to previously published results [17] is the disregard of the threedimensional structure of the cell and their pili, and how this affects the binding and unbinding dynamics of the pili. In previous theoretical descriptions [10, 17, 25, 49] , pili-mediated motility was studied in two dimensional systems. In our study, with the help of a one-dimensional model that incorporates major three-dimensional effects and a three-dimensional computational model we found that the shape of cells and colonies is important to understand their motion.
We discovered that a tug-of-war mechanism, providing us with an explanation of pili-mediated single cell motility, alone is not capable of explaining the motility of microcolonies. Instead, we discovered that sliding friction between the cells and the substrate can account for the observed decreasing motility of microcolonies with increasing colony size (see Fig. 10b ). We found that friction is increasing for large microcolonies since the normal component of the pili forces is increasing, pulling the colony into the substrate. In the future, experimental measurements quantifying the friction between bacteria and a substrate are required to verify our hypothesis.
While both theoretical models, the one-dimensional stochastic model, and the three-dimensional computational model, were developed to explain the peculiar behavior of the bacterium N gonorrhoeae, they have a more general application and can be easily applied to other bacteria, such as P. aeruginosa and N. meningitidis, that all use related mechanisms for substrate motion. The modeling approaches presented in this manuscript can be also applied to study the motion of a wider range of biological system characterized by a force balance of multiple active appendages, for example cooperative transport of food by multiple ants [50, 51] or the motion of sea urchin and star fish due to multiple adhesive organs, the so-called tube feet [52] [53] [54] . In the following, we will introduce the main features of the computational model. A related version of this model, including pili mediated cell-cell-interactions, was published previously by Pönisch et al. [23] .
Geometry of cells and pili
We mimic the dumbbell shape of the bacteria by constructing an in silico cell from two spheres that each have a radius R (see Fig. 11a and Fig. 11b ). These two spheres a and b, also called cocci, have positions r 
We will also use this model to describe the substrate motility of spherical colonies. In this case, we set r When this pilus attaches to the substrate and starts to retract, it will balance the forces of the pili pulling in the opposite direction. A larger force will be exerted on the left pilus and thus, its detachment rate will be considerably higher. Thus, the left pilus will detach more easily, and a configuration where the majority of pili are attached on one side only is stable. (b) Sketch of how the sliding friction differs for cells and colonies. The spherical cell or colony possesses free (grey) and attached (black) pili. For cells, the mean angle α , characterizing how attached pili emerge from the surface, is smaller (see Fig. 3d ). Thus, the normal forces, pointing into the substrate and increasing the sliding friction force, is smaller than those of a colony that has a larger value of α and thus, the normal component of the force is larger. In the computational model, we assume that the number of pili a cell possesses, called N , is fixed. Pili have a mean length of l char = 0.9 − 1.2 µm [24, 25] and, due to their semiflexible nature, we approximate pili as straight lines and specify their position by two points: their start point (also called anchor point), located at the cell surface, and their end point (see Fig. 11b ). The distance between these two points is then called the contour length l (cont) k of the pilus.
Pili dynamics and pili substrate binding
When a new pilus is generated, it protrudes with a velocity v pro until it reaches a length resulting from an exponential length distribution with the mean length l char . Then, it will irreversibly switch to the retraction state, where a pilus retracts with a velocity v ret . The retraction continues until the pilus has a contour length l (cont) k = 0. Then, the pilus is removed, and a new pilus is generated at a random position on the surface of the cell. A pilus that is not interacting with the substrate will always elongate in the direction perpendicular to the cell surface. If the end point of a pilus is located within the substrate, it will not enter the substrate, but slide along its surface in the same x-y-direction as before the collision, but with the z-component being 0.
Pili bind stochastically to a substrate. Here, we will assume that pili can only bind to the substrate with their tip only. The binding is modeled as a Poisson process with the binding rate K att . For this process, we assume that a pilus can only attach to the substrate if its tip sits on the substrate (see Fig. 11b ). After the binding, the pili that were in the protrusion state will immediately start to retract [38] .
Attached pili generate pulling forces. To include such forces, we model pili as Hookean springs with the spring constant k pili [16] . If the pilus k is attached to the substrate, it will be stretched due to its retraction and mediates a pulling force F (ps) k (see Fig. 11c ). This force is proportional to the difference between the contour length l (cont) k and the length of the pilus if it would not be attached, here called the free length l (free) k . For a nonattached pilus we set contour length and the free length equal, l
. Additionally, a pilus can only generate a pulling force and no pushing force, thus the force
k | generated by the pilus k affects the retraction velocity, with the stalling force F s (see Eq. 1). The force of a pilus will also affect the unbinding from the substrate. The detachment rate is given by Eq. (2).
Cell forces and motility
Cells are not only affected by the pili-mediated pulling forces, but also by excluded volume forces with the substrate. If a cell overlaps with a substrate, located at position z = 0 (see figure 11d) , a repulsive force F (cs) j will act from the substrate on coccus j = a, b, described by a Hookean spring with spring constant k cs , in the normal direction of the substrate. The total force of the cell i is given by
Additionally, cells are able to rotate. Their total torque results from
In these two equations, d to the point at which the force is acting (see Fig. 11c and Fig. 11d) . Finally, the total force and torque of a cell is translated into the motion and rotation of the cell i by
Here, µ t and µ rotat are the translational and rotational mobility and w
is the angular velocity vector. We assume that the overdamped limit is valid [55] .
For a sphere dragged through a fluid in the low Reynolds-Number regime, the Stokes relation states that the translational mobility µ t is proportional to R −1 [55] , in particular in the absence of boundaries µ t = 1/ (6πηR). For a colony of size R = 10 µm and the viscosity of water, we find µ t ≈ 10 µm/(s pN). For a single cell of radius 0.7 µm we find µ t ≈ 100 µm/(s pN). This mobility is higher than the one chosen for the motility of single cells in this study. This is motivated by the numerical speedup that a lower mobility of µ t ≈ 10 µm/(s pN) offers, while this value acts as a lower limit for which we can neglect the role of the colony size-dependence of the hydrodynamic friction. For this mobility, a force of 0.2 pN causes a motion of the cell or colony with the characteristic retraction velocity v ret of the pili. Importantly, this force is significantly smaller than the detachment forces (see Eq. (2)). In the computational model, we will consider the size-dependence of the rotational mobility and set µ rotat = 20/R (s pN) −1 . We will neglect hydrodynamic interactions of the spherical colony with the substrate [56] . Such interactions of colonies close to a substrate would decrease the translational mobility maximally to 20 − 30 % [56] .
In this study, we will also investigate the role of sliding friction for the motion of colonies on a substrate [45] . To account for this process, we compute the normal force of all attached pili of a cell i pulling the cell into the substrate, called F , then the cell will not be able to move in this direction.
Parameters and simulation details
All parameters were either motivated by experimental measurements or only played a minor role for the outcome of the simulations (see Table IV ).
The simulations were performed on the local computing cluster of the MPI-PKS, consisting of x86-64 GNU/Linux systems. All machines possess Intel Xeon processors with a clock rate of 2.2 to 3.0 GHz and have between 2 to 4 CPUs. The code was written in C++ and parallelized on CPU by using the library OpenMP. We used the GCC-compiler (version 4.8.5) and were running the simulations on up to 8 cores in parallel. We used an Euler algorithm to solve the equations of motion with a time step ∆t = 1 × 10 −6 s. Higher order schemes offer comparable results, but they do not increase the computation speed. For the random distribution of pili start points on the spherical cell surface we used the GNU Scientific Library (GSL). First, we calculate the probability that a pilus, growing from a random point on the surface of a spherical colony of radius R, will attach to the substrate with its tip. The anchor point of the pilus is defined by the inclination angle θ ∈ [0, π] (see Fig. 2a) . A pilus needs to reach at least a length
to be able to bind to the substrate. The pili have an exponential length distribution
with the characteristic length l char [24] . The binding kinetics are described as a Poisson process with the binding rate K att . The probability distribution of attachment times t is then given by
A pilus of length l, given by the distribution p l (l), protrudes until it reaches the minimal pili length l min , intersects with the substrate and continues its protrusion for the length l − l min . Then, it starts to retract over the same distance until it becomes shorter than l min and loses contact to the substrate. The protrusion and retraction velocity were shown to have comparable values and are assumed to be given by the same value v [32] . Thus, a pilus of length l is in contact with the substrate for a total time of
where the factor 2 is a result of the cycle of protrusion and retraction. The probability that a pilus of length l will attach within the time interval [0, τ con ] is given by
where we introduced the attachment length l att = v/K att . Now, we can determine the attachment probability for random pili lengths, but constant angle θ, given by
with the prefactor Γ 0 = 2l char / (2l char + l att ). The exponential term describes the probability of the pili to reach the substrate and is independent of the attachment rate.
Only the prefactor Γ 0 is affected by the stochastic binding dynamics. Pili that do not point towards the substrate have the attachment probability P att,θ (θ ≤ π/2) = 0. We can interpret the attachment probability of pili P att,θ as a colony surface density of the probabilities. From this equation, we want to calculate the total number of pili that intersect and bind to the substrate. The total number of attached pili results from the integration of this density over the colony surface,
where S = dφdθR 2 sin θ describes the colony surface in spherical coordinates (radius R, polar angle θ, azimuthal angle φ) and where we use the exponential integral function Ei(x), the pili surface density ρ and the total pili number of the spherical colony,
Note that for the computation of N tot we only consider the half of the spherical colony that is exposed towards the substrate (0 ≤ z < R). Importantly, Eq. (B7) is a monotonically increasing function. Thus, the larger a colony, the more pili are able to attach to a substrate. Finally, the probability to attach to a substrate for a single pilus that emerges from a microcolony is given by
For increasing colony size, the probability that an arbitrary pilus is able to attach to the substrate is decreasing. The attachment probability K att for a pilus tip in vicinity of the substrate is required to estimate the effective attachment rate K eff of a pilus. To estimate this rate, we first determine the time after which a pilus attaches to the substrate, assuming that this pilus will indeed attach during its lifetime (the time between its production and destruction). If a pilus emerges from the colony surface at an angle θ, it first needs to protrude over a length l min (see Eq. (B1)), taking a time τ min = l min /v. Afterwards, it attaches to the substrate with a rate K att . This corresponds to an average time
and the mean attachment rate averaged over the complete colony surface, is then given by
(B11) Not all pili are able to reach or to bind to the substrate. To take this fact into account, we now multiply this rate by the attachment probability Γ(R) of an arbitrary pilus (see Eq. (B9)):
As next step, we determine the distance between the cell anchor point and the substrate attachment point of a pilus l , as shown in Fig. 2b . To this end we consider the two contributions to the full length of an attached pilus:
1. First, a pilus needs to reach the length l min to be in the vicinity of the substrate.
2. Afterwards, a pilus will protrude until it reaches a length x = l tu resulting from its exponential length distribution p l (x), and then starts to retract. The probability distribution of attachment during the protrusion is given by taking the distribution of attachment times (see Eq. (B3)) and also given by
and folding at the length l tu , describing the switching from the protrusion state to the retraction state. Then, the probability density function of a pilus binding at position x is given by
Due to the stochasticity of the binding (with the rate K att ), not all pili will bind, and the probability that a pilus will bind to the substrate is given by
We now consider the exponential length distribution of the pili p l (see Eq. (B2)) with the characteristic length l tu , instead of pili with a fixed length l tu . To compute the average point of attachment. We need to multiply this probability density function by the probability of attachment to the surface for a given length, P tu (see Eq. (B15)), to consider the fact that not all pili will attach to the substrate. We use this weight function in order to determine the mean of the binding point distribution p tu (see Eq. (B14)):
with the length scale l 0 = l att l char / (l att + l char ). This is the probability distribution of the length contribution of pili that have already reached the substrate, l > l min . For large attachment rates l att l char this length converges to l 0 → l char , so that, if the attachment rate is low, the length scale of the pilus attachment corresponds to its length distribution. For the case l att l char , the length converges to l 0 → 0. In this case, pili will immediately attach to the substrate when they reach it and this length scale is negligible.
From these length scales and their distribution (see Eq. (B1) and Eq. (B16)), we can define the probability distribution of lengths of attached pili as a function of the pili position, given by the angle θ, and the radius of the cell or colony R:
.
(B17) For a pilus length l and an angle θ, the length l , projected on the substrate is then given by
with the height h of the anchor point (see Fig. 2b )
To compute the mean projected length l , we define a new weight function from the probability distribution of the attachment points (see Eq. (B17)) and multiply it by the probability for pili emerging from a point, defined by the radius R and the angle θ, (see Eq. (B6)). The mean projected length l then results from
where S describes the surface of the lower half of the spherical colony. Importantly, here we have
The integral is solved numerically. We see that for both parameter sets, the length has a maximal value for a specific colony size R. Additionally, the length can exceed the characteristic pili length, particularly for the slow parameter set. For the fast parameter set, the average distances are smaller than those for the slow parameter set, because the attachment rate is considerably higher and pili will immediately attach to the substrate when being in its vicinity. For the slow parameter set, the pili are still able to elongate before attachment.
In a similar manner, we can calculate the mean angle α with which a pilus is leaving the colony (see Fig. 2b ). For a pilus of length l, protruding from the surface of the cell at a point given by the angle θ (see Fig. 2a ), the angle is given by
The mean angle is then given by and again solved numerically. We find that for increasing colony size, the value of the mean angle is increasing. Thus, the force acting on the substrate in normal direction will also increase.
Appendix C: Model of stationary pili forces
In this section, we will develop a model that enables us to study how pili build up a pulling force and how these forces are translated into the motion of the corresponding cell/microcolony. The system we investigate (see Fig. 12 ) consists of a single spherical cell or colony that possesses N l attached pili on its left side and N r attached pili on its right side. The pili point from the surface of the colony into a direction described by the angle α (see Fig. 12 ). They are modeled as Hookean springs with a fixed spring constant k pili and the contour lengths L l and L r , describing the length between the anchor point of the pilus and its attachment point at the left or right side. If the same pilus would not be attached to the wall, its length, called l l or l r , could be different from the contour length. The force that a pilus produces is given by
The components of these forces acting parallel to the substrate are given by
and the components acting into the normal direction of the substrate are given by
Here, we chose the value of the normal component of the forces such that they are positive if the pilus points into the substrate. In this model, we assume that a cell or colony can only move tangentially to the substrate. In this case, the sum of tangential forces F l and F l are those that mediate the motion of the cell. Additionally, we include sliding friction with the friction coefficient β. Here, we will make the assumption N l ≤ N r . All other cases can be calculated in an equivalent manner due to symmetry. Then, the total force that pulls the cell or colony in the right direction is given by
We connect the change of the position x c of the center of the cell or colony to the length of the pili:
where L l = L l sin α and L r = L r sin α are the pili contours lengths, projected on the substrate. Then,
We can also express the velocity of the cell by considering the translational mobility µ t (see Eq. (A4)):
By considering the stalling of pili, we can define the forcedependence of the change of the free length of pili (see Eq. (1)) and get:
with the retraction velocity v ret and the stalling force F s . By calculating the time derivative of equation (C1) and combining all these equations, we can writė
Together with the initial conditions
we can solve this system of ordinary differential equations. Therefore, we assume that the length of the pilus is very long, such that we can neglect cases in which it would reach the free length l l < 0 or l r < 0. Additionally, we will assume that the angle α is constant.
In the following, we will compute the forces for the stationary state different configurations (N l , N r ) . Here, we will neglect the relaxation dynamics by assuming that pili are infinitely stiff. Then, we can solve the system of equations
0 =Ḟ r (F l , F r ).
1. Pili only on one side
First, pili are only attached to the right side so that we need to solve 0 = −k pili µ t max [0, N r F r (1 + β cot α)]
The solution is given by In the case of equal number N of pili on both sides, the forces on both sides are equal F l = F r = F and we get 0 = k pili µ t max [0, 2N F β cot α] +k pili v ret max 0, 1 − F F s .
Due to cot α < 0, this simplifies to
Thus, the pili on both sides will reach the stalling force: 
Here, it is important to note that the forces are no longer dependent on the number of pili. Additionally, the velocity of the cell is v = 0.
Different number of pili on two sides
For an unequal case of pili binding on both sides of the cell, we need to solve 
Importantly, these equations are correct for the case N r > N l . For the steady state we assume that the cell or colony is trapped between the pili of both sides and thus, none of the pili continue to retract. Thus, we can state that F l ≥ F s and F r ≥ F s . Then, the two equations simplify to 0 = max [0, N l F l (−1 + β cot α) + N r F r (1 + β cot α)] .
(C28) This is fulfilled, if
When we start from the initial condition F l (0) = 0 and F r (0) = 0 and assume that for N l < N r we always have F l (t) ≥ F r (t), it is clear that the dynamics only end if
Additionally, there is no trajectory for which F l could exceed the lower limit given by equation (C29), unless it is lower than the stalling force. Thus, we can write
If pili are attached to both sides of the cell or colony, the velocity v is set to zero. Table II by neglecting any pulling forces. Additionally, the cell velocity is given by v = 2µm/s and the mean pili length is given by latt = 0.59 µm.
FIG. 14.
Sketch of the change of angles for the random walker. The walker changes with probability q/2 its direction with the angle ∆φ or −∆φ and with the probability (1 − q0)/2 in the direction π − ∆φ or −(π − ∆φ), starting from its current direction (black arrow).
bution to change the angle at the step i, P (φ i ), is given by P (φ i ) = q 2 δ (φ i − ∆φ) + q 2 δ (φ i + ∆φ)
with the Dirac delta function δ(x). We assume that the time step t 0 is very small, so that q 1. Then, the direction of motion after N steps is given by
where N = τ /t 0 at the time τ . For a constant velocity of the walker, the velocity autocorrelation function is the given by VACF(τ ) = v(t + τ )v(t) t = v 2 0 e(t + τ )e(t) t = v .
Next, we want to connect this result to the predictions of the theoretical models describing the pili-mediated motion of single cells. We will test whether we can explain the differences of the scaling of D(N ) that we observe in the stochastic model and the computational model. In 
with the pili number N and the characteristic pili number N 0 in the stochastic model for the fast parameter set. We now interpret this time as the time it takes the walker to switch its direction. Then, the probability to not switch direction within the time interval t 0 , assuming that the direction swapping can be explained by a Poisson process, is given by
We assume that the characteristic velocity v 0 is not a function of N , but the time of time t 0 , corresponding to the time it takes until the next pilus attaches to a substrate, is following
Additionally, if N − 1 pili are attached in one direction of the cell and one further pilus attaches, the change of the angle can be approximated by
based on the observation that the number of attached pili is linearly proportional to the number of pili of a cell (see Fig. 6a and 7a) . Then, for high pili numbers N → ∞, the diffusion coefficient fulfills the scaling
and is no longer exponential. If we ignore the direction switching by setting q = 1, we also find D ∝ N , if on the other side we ignore the rotational diffusion and set ∆φ = 0, we find D ∝ e N/N0 .
FIG. S1
. Maximal colony size as a function of the sliding coefficient β. For colonies of sizes larger than Rmax, a colony will not be able to move for the fast parameter set, as predicted by the calculations of Appendix B and Appendix C. 
